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Abstract
We derive and analyze the linearized hyperbolic equations describing a relativistic
heat-conducting elastic rod. We construct a decreasing energy integral for these equations,
compute the associated characteristic propagation speeds, and prove that the solutions
decay in time by using a Fourier decomposition. For comparison purposes, we obtain
analogous results for the classical system with heat waves, in which the finite propagation
speed of heat is kept but the other relativistic terms are neglected, and also for the usual
classical system.
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1 Introduction
The motions of a relativistic rigid elastic rod, that is, a rod whose speed of sound is as large as
possible (namely the speed of light), were studied in [8]. Perhaps unsurprisingly, these motions
were shown to be periodic, as might be expected from the fact that a purely elastic rod con-
serves energy. In the present paper we study a relativistic elastic rod settling to equilibrium by
introducing energy dissipation and heat conduction. To avoid the ambiguity and complexity
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of the full nonlinear system, we derive a linear approximation of the equations of motion by
linearizing the thermodynamic relations and the energy-momentum tensor around the equilib-
rium state, thus obtaining a linear hyperbolic system. Although it may be argued that the
effects of the nonlinear terms that we discard are possibly more important than the effects
of the relativistic terms that we keep, our main purpose here is precisely to understand the
role played by these relativistic terms. For comparison purposes, we also discuss the classical
system, as well as the classical system with heat waves, in which the finite propagation speed
of heat is kept but the other relativistic terms are neglected.
Linear thermoelastic rods have been previously considered in the literature, both for the
classical system and the classical system with heat waves. The equations for the classical
system can be found in [3, 4], and were thoroughly analyzed in [10, 11] (a general result
for the relaxation of linear thermoelastic systems into equilibrium was also proved in [9]).
The equations for the classical system with heat waves were introduced in [16], following the
proposal by Cattaneo to use the telegrapher’s equation as a model of heat conduction [5], and
were studied in detail in [18]. Various versions of the relativistic thermoelasticity equations
were proposed in [2, 15, 17], but the problem of the linear relativistic thermoelastic rod has not
been addressed so far.
The organization of the paper is as follows. In Section 2 we linearize the thermodynamic
relations of the rod around its equilibrium state, expressing the coefficients in terms of the
equilibrium temperature, number density, speed of sound and an adimensional parameter γ
which controls the coupling between heat and vibration. In Section 3 we linearize the energy-
momentum conservation laws and complement them with the linearization of the relativistic
version of Cattaneo’s heat conduction law, thus obtaining a linear hyperbolic system. In Sec-
tion 4 we derive an energy integral which is decreasing for solutions of the relativistic system.
This integral is seen to reduce to the known expressions of the decreasing energy integrals for
both the classical system [10] and the classical system with heat waves [18]. In Section 5 we
compute the characteristic propagation speeds for both the relativistic system and the classical
system with heat waves. We identify two different propagation speeds, which can be associated
to mechanical waves and heat waves; interestingly, the speed of the mechanical waves is not
exactly the (adiabatic) speed of sound, except at zero temperature. In Section 6 we prove that
the solutions decay in time by using a Fourier decomposition, and obtain the analogue results
for the classical system with heat waves in Section 7, and for the classical system in Section 8.
To allow for the comparison of these results we expand the eigenvalues about zero equilibrium
temperature, instead of zero coupling parameter γ, as is usually done.
2 Linear relativistic thermodynamics
According to the principles of thermodynamics (see for instance [6]), the rest energy density ρ
of the rod is a function of the number density n and the entropy per particle s,
ρ = ρ(n, s). (1)
The pressure p and the temperature θ are then obtained from
p = n
∂ρ
∂n
− ρ (2)
and
θ =
1
n
∂ρ
∂s
, (3)
and the speed of sound c is given by
c2 =
(
∂p
∂ρ
)
s
= n
∂2ρ
∂n2
(
∂ρ
∂n
)−1
. (4)
2
To obtain linear equations we expand the fundamental thermodynamic equation to second order
around an equilibrium state (n0, s0). Setting
nˆ = n− n0, sˆ = s− s0, (5)
and choosing the mass/energy units so that the rest energy density of the rod in the equilibrium
state is ρ0 = 1, we have
ρ(nˆ, sˆ) = 1 + αnˆ+ βsˆ+
1
2
δnˆ2 + εnˆsˆ+
1
2
ϕsˆ2, (6)
where α, β, δ, ε and ϕ are constants to be specified shortly. From (2) together with (6) we
obtain, to linear order,
p(nˆ, sˆ) = (n0 + nˆ)(α+ δnˆ+ εsˆ)− ρ
= n0δnˆ + (n0ε− β)sˆ, (7)
where we assumed that the pressure of the rod in the equilibrium state is zero:
p0 = n0α− 1 = 0, (8)
implying
α =
1
n0
. (9)
Noting that, to zeroth order,
∂ρ
∂nˆ
= α, (10)
∂2ρ
∂nˆ2
= δ, (11)
and recalling equation (4), we obtain for the speed of sound in the equilibrium state
c20 =
n0δ
α
= n20δ, (12)
whence
δ =
c20
n20
. (13)
We further use (3) to derive, to linear order,
θ =
1
n0 + nˆ
(β + εnˆ+ ϕsˆ)
=
(
1
n0
− nˆ
n20
)
(β + εnˆ+ ϕsˆ)
=
β
n0
+
(
ε
n0
− β
n20
)
nˆ+
ϕ
n0
sˆ. (14)
Therefore,
β = n0θ0, (15)
where θ0 is the temperature of the rod in the equilibrium state. Solving (14) for sˆ, we obtain
sˆ =
n0
ϕ
[
θˆ +
(
θ0 − ε
n0
)
nˆ
]
, (16)
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where
θˆ = θ − θ0. (17)
Starting from the linearized version of (6),
ρ(nˆ, sˆ) = 1 + αnˆ+ βsˆ, (18)
and using (8), (14) and (16), we can derive the energy density ρ in terms of nˆ and θˆ as
ρ(nˆ, θˆ) = 1 +
nˆ
n0
+
n20θ0
ϕ
[
θˆ +
(
θ0 − ε
n0
)
nˆ
]
,
= 1 + θˆ +
(
1 + θ0 − ε
n0
)
nˆ, (19)
where in the second step we have set (by choosing the temperature units conveniently)
n20θ0
ϕ
= 1, (20)
that is,
ϕ = n20θ0. (21)
Analogously, we can derive from the linearized equation (7), with the help of (12), (14), (16)
and (21), the formula
p(nˆ, θˆ) =
(
c20 − γ2θ0
n0
)
nˆ+ γ θˆ (22)
for the pressure, where
γ =
ε− θ0
θ0
. (23)
Since we expect that increasing the temperature for a fixed particle number will increase the
pressure, we impose the condition(
∂p
∂θ
)
n
> 0 ⇒ γ > 0. (24)
Similarly, we also expect that increasing the particle number for a fixed temperature leads to
higher pressure. Therefore, we assume that(
∂p
∂n
)
θ
> 0 ⇒ c20 > γ2θ0. (25)
Using (23), we can write equation (19) as
ρ(nˆ, θˆ) = 1 + θˆ +
(
1− γθ0
n0
)
nˆ, (26)
Note that, as advertised, the constants α, β, δ, ε, ϕ have been fixed as functions of n0, θ0, c
2
0 and
the adimensional parameter γ by equations (8), (12), (14), (21) and (23).
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3 Linearized equations of motion
In the previous section we derived the final forms (22) and (26) for the pressure and energy
density as linearized functions of the number density and the temperature. In this section, we
initiate the study of a solid rod moving along the x-axis of Minkowski’s spacetime. To do that,
we introduce a function λ = λ(t, x) which gives the number of particles of the rod counted
from a given endpoint. This function is constant along the worldlines of the rod’s particles,
and therefore serves as a measurement of its deformation; since its gradient is tangent to the
rod’s particles rest spaces, we have
n = | gradλ| = |dλ|. (27)
Assuming that the initial endpoint sits at x = 0 for the rod in equilibrium, we have the
linearization
λ(x, t) = n0x+ λˆ(x, t), (28)
and so
dλ = n0dx+ dλˆ =
(
n0 + λˆ
′
)
dx+
˙ˆ
λdt, (29)
where the prime denotes differentiation with respect to x and the dot differentiation with respect
to t. Therefore, to linear order
|dλ| =
(
n20 + 2n0λˆ
′
) 1
2
= n0 + λˆ
′, (30)
so that the deviation of the particle number from equilibrium is
nˆ = λˆ′. (31)
Since the four-velocity of the rod’s particles must be orthogonal to dλ, the corresponding
covector must be, to linear order,
u˜ =
1
|dλ|
[
−(n0 + λˆ′)dt− ˙ˆλdx
]
= −dt−
˙ˆ
λ
n0
dx (32)
(where the minus signs are needed to make it future-pointing). The linearized four-velocity is
then
~u =
∂
∂t
−
˙ˆ
λ
n0
∂
∂x
, (33)
and the linearized four-acceleration
~˙u = ∇~u~u = −
¨ˆ
λ
n0
∂
∂x
. (34)
Note that particle number conservation to linear order is automatic, since
div(n~u) = div
[
(n0 + λˆ
′)
(
∂
∂t
−
˙ˆ
λ
n0
∂
∂x
)]
= div
[
(n0 + λˆ
′)
∂
∂t
− ˙ˆλ ∂
∂x
]
=
˙ˆ
λ′ − ˙ˆλ′ = 0. (35)
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The relativistic version of Cattaneo’s heat conduction law, obtained by Israel and Stewart in
[13] (see also [12]), gives the heat flow vector field as
~q = −κ
(
∇θ + θ~˙u+ bnθ2~˙q
)⊥
(36)
(projected orthogonally to the velocity), where κ is the thermal conductivity, ∇θ is the tem-
perature gradient and b is a constant. Linearizing with respect to the equilibrium state reduces
this quantity to a scalar,
~q = q
∂
∂x
, (37)
with
q = −κ
(
θˆ′ − θ0
n0
¨ˆ
λ+ bn0θ
2
0 q˙
)
. (38)
We rewrite this equation as
κ
c2h
q˙ + q + κ
(
θˆ′ − θ0
n0
¨ˆ
λ
)
= 0, (39)
where, as we shall see, the new constant
ch =
1
θ0
√
bn0
(40)
is related to the speed of heat waves.
To linear order, the energy-momentum tensor is then given by
T µν = (ρ+ p)uµuν + pgµν + uµqν + uνqµ, (41)
=
[
ρ −(ρ+ p) ˙ˆλ/n0 + q
−(ρ+ p) ˙ˆλ/n0 + q p
]
, (42)
=
[
1 + θˆ + (1− γθ0)λˆ′/n0 − ˙ˆλ/n0 + q
− ˙ˆλ/n0 + q (c20 − γ2θ0)λˆ′/n0 + γθˆ
]
, (43)
where we have used (22), (26), (31) and (33). We can now obtain the equations of motion of
the rod from energy-momentum conservation,
∇µT µν = 0, (44)
leading to the following system of equations:
˙ˆ
θ + (1− γθ0) ˙ˆλ′/n0 − ˙ˆλ′/n0 + q′ = 0, (45)
−¨ˆλ/n0 + q˙ + (c20 − γ2θ0)λˆ′′/n0 + γθˆ′ = 0. (46)
These equations are to be taken together with (39).
The equilibrium position of the particle at event (t, x) (i.e. the position coordinate in the
Eulerian description of the motion) is simply
ξ(t, x) =
λ(t, x)
n0
= x+
λˆ(t, x)
n0
. (47)
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Therefore, the quantity
w(x, t) = − λˆ(x, t)
n0
(48)
represents, to linear order, the displacement of a given particle with respect to its equilibrium
position. Using this variable, equations (39), (45) and (46) then read
˙ˆ
θ + γθ0w˙
′ + q′ = 0, (49)
w¨ − c2sw′′ + γθˆ′ + q˙ = 0, (50)
κ
c2h
q˙ + q + κ(θˆ′ + θ0w¨) = 0, (51)
where we have set
c2s = c
2
0 − γ2θ0. (52)
Notice that (25) guarantees that c2s is indeed positive; we will see later that this constant is
related to the speed of mechanical waves. Using (48) and (52) we can rewrite equation (22) as
p = γθˆ − c2sw′. (53)
Since the Eulerian position coordinate ξ differs from the Lagrangian position coordinate x by a
term of first order, and since all variables in equations (49)-(51) above are also of first order, we
can take x to be either the Lagrangian or the Eulerian position coordinate in these equations.
Since the boundary conditions are much simpler for the latter, we make that choice from this
point on.
In comparison with the classical equations for a thermoelastic rod,
˙ˆ
θ + γθ0w˙
′ + q′ = 0, (54)
w¨ − c2sw′′ + γθˆ′ = 0, (55)
q + κθˆ′ = 0 (56)
(see for instance [11, §1]), equations (49)-(51) contain three additional terms: the term q˙ in
equation (50), which represents the force due to variations in the momentum of heat; the term
κθ0w¨ in equation (51), which can be understood as a consequence of the redshift effect (see for
instance [19]); and the Cattaneo term κq˙/c2h in equation (51), which allows for the fact that the
heat propagates with finite speed. It is the role played by these relativistic terms that we wish
to understand. Neglecting the first two terms while keeping the third corresponds to adding
heat waves to the classical model:
˙ˆ
θ + γθ0w˙
′ + q′ = 0, (57)
w¨ − c2sw′′ + γθˆ′ = 0, (58)
κ
c2h
q˙ + q + κθˆ′ = 0. (59)
This model has been considered before in [16, §3]. As noted in [14], equation (59) is equivalent
(assuming enough regularity and boundedness of q and θˆ′) to
q(t, x) = −c2h
∫ t
−∞
θˆ′(s, x)e
c
2
h
κ
(s−t)ds, (60)
that is, it corresponds to a version of the Fourier law (56) averaged over the past with an
exponentially decreasing weight. Note also that
lim
ch→+∞
c2h
∫ t
−∞
θˆ′(s, x)e
c
2
h
κ
(s−t)ds = κθˆ′(t, x), (61)
as might be expected: The classical model is obtained by assuming that the speed of heat ch
is infinite.
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4 Decreasing energy integral
We choose as boundary conditions either
w(0) = w(L) = q(0) = q(L) = 0, (62)
or
p(0) = p(L) = q(0) = q(L) = 0, (63)
where L is the length of the rod and the pressure p is given by equation (53). These correspond
to assuming that the rod is insulated, so that no heat flows into it, and that the endpoints are
either clamped or completely free to move.
Theorem 4.1. If we take as boundary conditions either (62) or (63) then the relativistic system
(49)–(51) admits the decreasing energy integral1
E˜ =
L∫
0
(
θ0
2
w˙2 +
θ0c
2
s
2
w′
2
+
1
2
θˆ2 +
1
2c2h
q2 + θ0w˙q
)
dx. (64)
Proof. Taking the derivative with respect to t yields
dE˜
dt
=
L∫
0
(
θ0w˙w¨ + θ0c
2
sw
′w˙′ + θˆ
˙ˆ
θ +
1
c2h
qq˙ + θ0w¨q + θ0w˙q˙
)
dx
=
L∫
0
([
θ0w˙(c
2
sw
′ − γθˆ)
]′
− (θˆq)′ − 1
κ
q2
)
dx
= −1
κ
L∫
0
q2dx ≤ 0. (65)
Similar calculations show that the classical system with heat waves (57)–(59) admits the
decreasing energy integral
E˜ =
L∫
0
(
θ0
2
w˙2 +
θ0c
2
s
2
w′
2
+
1
2
θˆ2 +
1
2c2h
q2
)
dx (66)
(already found in [18]), whereas the classical system (54)–(56) admits the decreasing energy
integral
E˜ =
L∫
0
(
θ0
2
w˙2 +
θ0c
2
s
2
w′
2
+
1
2
θˆ2
)
dx (67)
(already found in [10]).
1This should not be confused with the actual energy integral,
E =
∫
L
0
T 00(1 + w′)dx =
∫
L
0
(1 + θˆ + γθ0w
′)dx,
where the calculation is to linear order and the factor (1 + w′) is necessary because we are regarding x as an
Eulerian coordinate; this integral is conserved by (49) and either (62) or (63), and implies the conservation of
E1 =
∫
L
0
(θˆ + γθ0w
′)dx (=
∫
L
0
θˆdx if the boundary condition (62) is used). It is easily seen from (16), (23) and
(48) that E1 is also proportional to the linear perturbation in the total entropy, which we expect to be constant
because there is no heat flow into the rod.
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5 Characteristic propagation speeds
By introducing the new variables s = w′ and v = w˙, the relativistic system (49)–(51) can be
cast in as a first order system:
s˙− v′ = 0, (68)
v˙ − c2ss′ + γθˆ′ + q˙ = 0, (69)
˙ˆ
θ + q′ + γθ0v
′ = 0, (70)
κ
c2h
q˙ + q + κθˆ′ + κθ0v˙ = 0. (71)
The system can be written in matrix form as


1 0 0 0
0 1 0 1
0 0 1 0
0 κθ0 0
κ
c2
h




s˙
v˙
˙ˆ
θ
q˙

+


0 −1 0 0
−c2s 0 γ 0
0 γθ0 0 1
0 0 κ 0




s′
v′
θˆ′
q′

 =


0
0
0
−q

 . (72)
As is well known [1], the characteristic propagation speeds are given by the eigenvalues of the
matrix
A =


1 0 0 0
0 1 0 1
0 0 1 0
0 κθ0 0
κ
c2
h


−1 

0 −1 0 0
−c2s 0 γ 0
0 γθ0 0 1
0 0 κ 0

 , (73)
which can be found by solving
det (A− λ · I) = 0⇔
(1− c2hθ0)λ4 −
(
c2h + c
2
s + γ
2θ0 − 2γc2hθ0
)
λ2 + c2sc
2
h = 0. (74)
It is interesting to note that for θ0 = 0 the eigenvalues are given by
λ2 = c2s or λ
2 = c2h, (75)
corresponding, as one might expect, to the speed of sound and speed of heat along the rod. To
obtain the first order correction2 in θ0 we differentiate equation (74) at θ0 = 0,
−c2hλ4 + 2λ2
∂λ2
∂θ0
− (γ2 − 2γc2h) λ2 − (c2h + c2s) ∂λ2∂θ0 = 0, (76)
obtaining
λ2 = c2s ⇒
∂λ2
∂θ0
=
c2s(γ
2 − 2γc2h + c2hc2s)
c2s − c2h
; (77)
λ2 = c2h ⇒
∂λ2
∂θ0
=
c2h(γ
2 − 2γc2h + c4h)
c2h − c2s
. (78)
2From equation (26) it is clear that in our units temperature is given by the ratio between the thermal
energy density and the rest density of the rod, so that one expects θ0 ≪ 1. We expand the eigenvalues about
zero equilibrium temperature θ0, instead of zero coupling parameter γ (as is usually done), to facilitate the
comparison with the classical system with heat waves, where γ ≪ 1 would compete with c2
h
, c2s ≪ 1.
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Therefore, we get for the eigenvalues
λ2s = c
2
s
[
1 +
(γ2 − 2γc2h + c2hc2s)θ0
c2s − c2h
+ . . .
]
; (79)
λ2h = c
2
h
[
1 +
(γ2 − 2γc2h + c4h)θ0
c2h − c2s
+ . . .
]
. (80)
We have then proved the following result.
Theorem 5.1. The relativistic system (49)–(51) is a linear hyperbolic system with character-
istic propagation speeds given as a power series in θ0 by
λs = ±cs
[
1 +
(γ2 − 2γc2h + c2hc2s)θ0
2(c2s − c2h)
+ . . .
]
; (81)
λh = ±ch
[
1 +
(γ2 − 2γc2h + c4h)θ0
2(c2h − c2s)
+ . . .
]
. (82)
Assuming that the zero-temperature speed of heat is bigger than the zero-temperature speed
of sound, ch > cs, the speed of heat increases with increasing temperature, whereas the speed
of sound increases for
c2h − ch
√
c2h − c2s < γ < c2h + ch
√
c2h − c2s (83)
and decreases otherwise. Conversely, if the zero-temperature speed of heat is smaller than the
zero-temperature speed of sound, ch < cs, then the speed of heat decreases and the speed of
sound increases with increasing temperature.
Similarly, for the classical system with heat waves we obtain
s˙− v′ = 0, (84)
v˙ − c2ss′ + γθˆ′ = 0, (85)
˙ˆ
θ + q′ + γθ0v
′ = 0, (86)
κ
c2h
q˙ + q + κθˆ′ = 0, (87)
so that we can write 

s˙
v˙
˙ˆ
θ
q˙

 =


0 1 0 0
c2s 0 −γ 0
0 −γθ0 0 −1
0 0 −c2h 0




s′
v′
θˆ′
q′

+


0
0
0
− c2h
κ
q

 . (88)
The characteristic propagation speeds are given by the eigenvalues of the matrix
A =


0 1 0 0
c2s 0 −γ 0
0 −γθ0 0 −1
0 0 −c2h 0

 , (89)
and can be found by solving
det (A− λ · I) = (λ2 − c2s)(λ2 − c2h)− γ2θ0λ2 = 0 (90)
(which can be seen as the limit of (74) when c2hθ0 ≪ 1 and c2h ≪ γ). Again, for θ0 = 0 the
eigenvalues are given by
λ2 = c2s or λ
2 = c2h, (91)
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corresponding to the speed of sound and speed of heat along the rod. To obtain the first order
correction in θ0 we differentiate equation (90) at θ0 = 0,
(λ2 − c2s)
∂λ2
∂θ0
+ (λ2 − c2h)
∂λ2
∂θ0
− γ2λ2 = 0, (92)
obtaining
λ2 = c2s ⇒
∂λ2
∂θ0
=
c2sγ
2
c2s − c2h
; (93)
λ2 = c2h ⇒
∂λ2
∂θ0
=
c2hγ
2
c2h − c2s
. (94)
Therefore, we get for the eigenvalues
λ2s = c
2
s
(
1 +
γ2θ0
c2s − c2h
+ . . .
)
; (95)
λ2h = c
2
h
(
1 +
γ2θ0
c2h − c2s
+ . . .
)
. (96)
We have then proved the following result.
Theorem 5.2. The classical system with heat waves (57)–(59) is a linear hyperbolic system
with characteristic propagation speeds given as a power series in θ0 by
λs = ±cs
[
1 +
γ2θ0
2(c2s − c2h)
+ . . .
]
; (97)
λh = ±ch
[
1 +
γ2θ0
2(c2h − c2s)
+ . . .
]
. (98)
This result can be obtained from equations (81) and (82), as one might expect, in the
limit c2s, c
2
h ≪ γ. Assuming that the zero-temperature speed of heat is bigger than the zero-
temperature speed of sound, ch > cs, the speed of sound decreases and the speed of heat
increases with increasing temperature. Conversely, if the zero-temperature speed of heat is
smaller than the zero-temperature speed of sound, ch < cs, then the speed of sound increases
and the speed of heat decreases with increasing temperature.
It is interesting to note that the speed of the mechanical waves is not exactly the nominal
speed of sound (4), both for the relativistic system and the classical system with heat waves,
except at zero temperature. Indeed, if we substitute c2s as given in (52) into (79) or (95) we
obtain3
λ2s = c
2
0
[
1 +
[γ2(1 + c2h − c20)− 2γc2h + c2hc20] θ0
c20 − c2h
+ . . .
]
(99)
or
λ2s = c
2
0
[
1 +
γ2(1 + c2h − c20)θ0
c20 − c2h
+ . . .
]
. (100)
The reason for this discrepancy is that the speed of sound applies to adiabatic processes, whereas
our systems feature energy dissipation and heat flow.
3Note that the expansions (79), (80), (95) and (96) were perfomed assuming fixed cs (hence variable c0).
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6 Solving the relativistic system
We will now use a Fourier decomposition to prove that the solutions of the relativistic system
(49)-(51) decay in time. This is most easily done for the boundary conditions (62): If, for
simplicity, we use our remaining freedom in the choice of units to set the length of the rod to
L = π, then these boundary conditions are automatically enforced by choosing
θˆ(x, t) =
∞∑
n=1
an(t) cos(nx), (101)
w(x, t) =
∞∑
n=1
bn(t) sin(nx), (102)
q(x, t) =
∞∑
n=1
dn(t) sin(nx). (103)
As is well known, the functions θˆ, w and q admit uniformly and absolutely convergent Fourier
expansions of this kind if we assume the natural regularities, namely θˆ and q of class C1 and w of
class C2; we can assume that the coefficient a0 in the expansion of θˆ vanishes (or, equivalently,
that θˆ has zero spatial average) by subtracting off the trivial solution θˆ ≡ a0, w ≡ q ≡ 0.
Substituting this ansatz into (49)-(51), we obtain, for each n ∈ N, the system of ordinary
differential equations
a˙n(t) = −nγθ0b˙n(t)− ndn(t), (104)
b¨n(t) = −n2c2sbn(t) + nγan(t)− d˙n(t), (105)
d˙n(t) = −c
2
h
κ
dn(t) + nc
2
han(t)− c2hθ0b¨n(t), (106)
whence
b¨n(t) =
n(γ − c2h)
1− c2hθ0
an(t)− n
2c2s
1− c2hθ0
bn(t) +
c2h
κ(1− c2hθ0)
dn(t), (107)
d˙n(t) =
nc2h(1− γθ0)
1− c2hθ0
an(t) +
n2c2hc
2
sθ0
1 − c2hθ0
bn(t)− c
2
h
κ(1− c2hθ0)
dn(t). (108)
We transform this into a first order system by setting
b˙n(t) = fn(t), (109)
whence
a˙n(t) = −ndn(t)− nγθ0fn(t), (110)
d˙n(t) =
nc2h(1− γθ0)
1− c2hθ0
an(t) +
n2c2hc
2
sθ0
1 − c2hθ0
bn(t)− c
2
h
κ(1− c2hθ0)
dn(t), (111)
f˙n(t) =
n(γ − c2h)
1− c2hθ0
an(t)− n
2c2s
1− c2hθ0
bn(t) +
c2h
κ(1− c2hθ0)
dn(t). (112)
In matrix form, the system reads


a˙n
b˙n
d˙n
f˙n

 =


0 0 −n −nγθ0
0 0 0 1
nc2
h
(1−γθ0)
1−c2
h
θ0
n2c2
h
c2sθ0
1−c2
h
θ0
− c2h
κ(1−c2
h
θ0)
0
n(γ−c2
h
)
1−c2
h
θ0
− n2c2s
1−c2
h
θ0
c2
h
κ(1−c2
h
θ0)
0




an
bn
dn
fn

 . (113)
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The eigenvalues of the system’s matrix are obtained by solving the polynomial equation
κ(1− c2hθ0)λ4 + c2hλ3 + n2κ(c2h + c2s + γ2θ0 − 2c2hγθ0)λ2
+ n2c2h(c
2
s + γ
2θ0)λ+ n
4κc2hc
2
s = 0. (114)
It is interesting to note that for θ0 = 0 the eigenvalues are given by
λ =
−c2h ± ch
√
c2h − 4n2κ2
2κ
or λ = ±incs. (115)
These correspond to decaying modes, associated to the diffusion constant κ and the speed of
heat ch, and non-decaying oscillating modes, associated to the speed of sound cs.
To obtain the first order correction4 in θ0 we differentiate equation (114) at θ0 = 0,
[
4κλ3 + 3c2hλ
2 + 2n2κ(c2h + c
2
s)λ+ n
2c2hc
2
s
] ∂λ
∂θ0
− κc2hλ4 + n2κ(γ2 − 2c2hγ)λ2 + n2c2hγ2λ = 0. (116)
For λ = ±incs we obtain [−2n2c2hc2s ± 2in3κcs(c2h − c2s)] ∂λ∂θ0
− n4κc2s(γ2 − 2c2hγ + c2hc2s)± in3c2hcsγ2 = 0, (117)
and so
∂λ
∂θ0
=
n2κcs(γ
2 − 2c2hγ + c2hc2s)∓ inc2hγ2
−2c2hcs ± 2inκ(c2h − c2s)
=
n2κc4h(−γ2 + 2c2sγ − c4s)± inc4hcsγ2
2[c4hc
2
s + n
2κ2(c2h − c2s)2]
∓ in
3κ2cs(c
2
h − c2s)(γ2 − 2c2hγ + c2hc2s)
2[c4hc
2
s + n
2κ2(c2h − c2s)2]
. (118)
Note that as n→∞ (118) becomes
∂λ
∂θ0
∼ ∓incs(γ
2 − 2c2hγ + c2hc2s)
2(c2h − c2s)
, (119)
and so
λ ∼ ±incs
[
1− (γ
2 − 2c2hγ + c2hc2s)θ0
2(c2h − c2s)
+ . . .
]
, (120)
in agreement with (81).
Theorem 6.1. All modes in the Fourier expansion (101)-(103) for the solutions of the rela-
tivistic system (49)–(51) with boundary conditions (62) decay exponentially in time for θ0 > 0,
except at the critical temperature θ0 = (γ − c2s)/γ2 if γ > c2s. Consequently, given initial condi-
tions θˆ(0, x), w(0, x), w˙(0, x) and q(0, x) of class C1, with
∫ π
0
θˆ(0, x)dx = 0, we have
lim
t→+∞
θˆ(x, t) = lim
t→+∞
w(t, x) = lim
t→+∞
q(t, x) = 0 (121)
for θ0 > 0, except at the critical temperature θ0 = (γ − c2s)/γ2 if γ > c2s.
4We expand the eigenvalues about zero equilibrium temperature θ0, instead of zero coupling parameter γ
(as is usually done), to facilitate the comparison with the classical system with heat waves, where γ ≪ 1 would
compete with c2
h
, c2
s
≪ 1.
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Proof. Since
Re
(
∂λ
∂θ0
)
= − n
2κc4h(γ − c2s)2
2[c4hc
2
s + n
2κ2(c2h − c2s)2]
< 0, (122)
the eigenvalues (which depend continuously on θ0) enter the half-plane Re(λ) < 0 as θ0 increases.
If we set λ = iy in equation (114), with y ∈ R, then we obtain from the imaginary part
y = 0 or y2 = n2(c2s + γ
2θ0). (123)
Now equation (114) is never satisfied in the first case, and is satisfied in the second case if and
only if
θ0 = 0 or θ0 =
γ − c2s
γ2
. (124)
If γ > c2s then the eigenvalues might leave the half-plane Re(λ) < 0 as the critical temperature
θ0 = (γ − c2s)/γ2 was reached;5 however, differentiating equation (114) again (twice), this time
at θ0 = (γ − c2s)/γ2 and with λ = ±inγ
1
2 , we find
Re
(
∂λ
∂θ0
)
= 0; (125)
Re
(
∂2λ
∂θ20
)
= − n
2κc4hγ
4θ0
n2κ2(γ − c2h)2 + γc4h
< 0, (126)
and so the eigenvalues cannot leave the half-plane Re(λ) < 0 as θ0 increases. Consequently, the
Fourier coefficients an(t), bn(t) and dn(t) in (101)-(103) decay exponentially for θ0 > 0, except
at the critical temperature θ0 = (γ − c2s)/γ2 when γ > c2s.
Given δ > 0, let N ∈ N be such that
∑
n>N
|an(0)|,
∑
n>N
|bn(0)|,
∑
n>N
|dn(0)| < δ
2
(127)
(which must exist because the Fourier series of a C1 function is absolutely convergent). Since
|eλt| ≤ 1 for Re(λt) ≤ 0, we then have
∑
n>N
|an(t)|,
∑
n>N
|bn(t)|,
∑
n>N
|dn(t)| < δ
2
(128)
for t ≥ 0. On the other hand, since each Fourier coefficient decays exponentially, we can choose
T > 0 such that for all t ≥ T
∑
n≤N
|an(t)|,
∑
n≤N
|bn(t)|,
∑
n≤N
|dn(t)| < δ
2
. (129)
It is then clear from (101)-(103) that
|θˆ(x, t)|, |w(t, x)|, |q(t, x)| < δ (130)
for t ≥ T .
5It is interesting to note that if we use the adiabatic speed of sound c0 instead of cs then the condition defining
the critical temperature becomes c20 = γ; for this parameterization of the equilibrium state, the eigenvalues with
zero real part occur only when this relation holds, and θ0 can take any value.
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7 Solving the classical system with heat waves
For comparison purposes, we will now use the Fourier decomposition (101)-(103) to prove
that the solutions of the classical system with heat waves (57)-(59) with boundary conditions
(62) also decay in time. The Fourier modes are easily seen to satisfy the system of ordinary
differential equations
a˙n(t) = −nγθ0b˙n(t)− ndn(t), (131)
b¨n(t) = −n2c2sbn(t) + nγan(t), (132)
d˙n(t) = −c
2
h
κ
dn(t) + nc
2
han(t), (133)
for each n ∈ N. We transform this into a first order system by setting
b˙n(t) = fn(t), (134)
whence
a˙n(t) = −ndn(t)− nγθ0fn(t), (135)
d˙n(t) = nc
2
han(t)−
c2h
κ
dn(t), (136)
f˙n(t) = nγan(t)− n2c2sbn(t). (137)
In matrix form, the system reads

a˙n
b˙n
d˙n
f˙n

 =


0 0 −n −nγθ0
0 0 0 1
nc2h 0 − c
2
h
κ
0
nγ −n2c2s 0 0




an
bn
dn
fn

 . (138)
The eigenvalues of the system’s matrix are obtained by solving the polynomial equation
κλ4 + c2hλ
3 + n2κ(c2h + c
2
s + γ
2θ0)λ
2 + n2c2h(c
2
s + γ
2θ0)λ+ n
4κc2hc
2
s = 0 (139)
(which can be seen as the limit of (114) when c2hθ0 ≪ 1 and c2h ≪ γ). It is interesting to note
that for θ0 = 0 the eigenvalues are given by
λ =
−c2h ± ch
√
c2h − 4n2κ2
2κ
or λ = ±incs. (140)
These correspond to decaying modes, associated to the diffusion constant κ and the speed of
heat ch, and non-decaying oscillating modes, associated to the speed of sound cs.
To obtain the first order correction in θ0 we differentiate equation (139) at θ0 = 0,[
4κλ3 + 3c2hλ
2 + 2n2κ(c2h + c
2
s)λ+ n
2c2hc
2
s
] ∂λ
∂θ0
+ n2κγ2λ2 + n2c2hγ
2λ = 0. (141)
For λ = ±incs we obtain[−2n2c2hc2s ± 2in3κcs(c2h − c2s)] ∂λ∂θ0 − n4κc2sγ2 ± in3c2hcsγ2 = 0, (142)
and so
∂λ
∂θ0
=
nγ2(nκcs ∓ ic2h)
−2c2hcs ± 2inκ(c2h − c2s)
=
nγ2(−nκc4h ± ic4hcs ∓ in2κ2cs(c2h − c2s))
2[c4hc
2
s + n
2κ2(c2h − c2s)2]
. (143)
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This result can be obtained from equation (118), as one might expect, in the limit c2s, c
2
h ≪ γ.
Note also that as n→∞ (143) becomes
∂λ
∂θ0
∼ ∓ incsγ
2
2(c2h − c2s)
, (144)
and so
λ ∼ ±incs
[
1− γ
2θ0
2(c2h − c2s)
+ . . .
]
, (145)
in agreement with (97).
Theorem 7.1. All modes in the Fourier expansion (101)-(103) for the solutions of the classical
system with heat waves (57)-(59) with boundary conditions (62) decay exponentially in time for
θ0 > 0. Consequently, given initial conditions θˆ(0, x), w(0, x), w˙(0, x) and q(0, x) of class C
1,
with
∫ π
0
θˆ(0, x)dx = 0, we have
lim
t→+∞
θˆ(x, t) = lim
t→+∞
w(t, x) = lim
t→+∞
q(t, x) = 0 (146)
for θ0 > 0.
Proof. Since
Re
(
∂λ
∂θ0
)
= − n
2γ2κc4h
2[c4hc
2
s + n
2κ2(c2h − c2s)2]
< 0, (147)
the eigenvalues (which depend continuously on θ0) enter the half-plane Re(λ) < 0 as θ0 increases.
If we set λ = iy in equation (139), with y ∈ R, then we obtain from the imaginary part
y = 0 or y2 = n2(c2s + γ
2θ0). (148)
Now equation (139) is never satisfied in the first case, and is satisfied in the second case if and
only if θ0 = 0. Therefore, the eigenvalues cannot leave the half-plane Re(λ) < 0 as θ0 increases.
Consequently, the Fourier coefficients an(t), bn(t) and dn(t) in (101)-(103) decay exponentially
for θ0 > 0, and the proof of Theorem 6.1 now applies.
8 Solving the classical system
For comparison purposes, we will now use the Fourier decomposition (101)-(103) to prove that
the solutions of the classical system (54)-(56) with boundary conditions (62) also decay in time.
This has been done before in [11], but expanding about zero coupling parameter γ, instead of
zero equilibrium temperature θ0. The Fourier modes are easily seen to satisfy the system of
ordinary differential equations
a˙n(t) = −n2κan(t)− nγθ0b˙n(t), (149)
b¨n(t) = −n2c2sbn(t) + nγan(t), (150)
for each n ∈ N. We transform this into a first order system by setting
b˙n(t) = fn(t), (151)
whence
a˙n(t) = −n2κan(t)− nγθ0fn(t), (152)
f˙n(t) = nγan(t)− n2c2sbn(t). (153)
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In matrix form, the system reads
a˙nb˙n
f˙n

 =

−n2κ 0 −nγθ00 0 1
nγ −n2c2s 0



anbn
fn

 . (154)
The eigenvalues of the system’s matrix are obtained by solving the polynomial equation
λ3 + n2κλ2 + n2(c2s + γ
2θ0)λ+ n
4κc2s = 0. (155)
(which can be seen as the limit of (139) as ch → ∞). It is interesting to note that for θ0 = 0
the eigenvalues are given by
λ = −n2κ or λ = ±incs. (156)
These correspond to decaying modes, associated to the diffusion constant κ, and non-decaying
oscillating modes, associated to the speed of sound cs.
To obtain the first order correction in θ0 we differentiate equation (139) at θ0 = 0,
(
3λ2 + 2n2κλ+ n2c2s
) ∂λ
∂θ0
+ n2γ2λ = 0. (157)
For λ = ±incs we obtain
(−2n2c2s ± 2in3κcs) ∂λ∂θ0 ± in3csγ2 = 0, (158)
and so
∂λ
∂θ0
=
∓inγ2
−2cs ± 2inκ =
nγ2(−nκ± ics)
2(c2s + n
2κ2)
. (159)
This result can be obtained from equation (143), as one might expect, in the limit ch →∞.
Theorem 8.1. All modes in the Fourier expansion (101)-(103) for the solutions of the clas-
sical system (54)-(56) with boundary conditions (62) decay exponentially in time for θ0 > 0.
Consequently, given initial conditions θˆ(0, x), w(0, x), w˙(0, x) and q(0, x) of class C1, with∫ π
0
θˆ(0, x)dx = 0, we have
lim
t→+∞
θˆ(x, t) = lim
t→+∞
w(t, x) = lim
t→+∞
q(t, x) = 0 (160)
for θ0 > 0.
Proof. Since
Re
(
∂λ
∂θ0
)
= − n
2γ2κ
2(c2s + n
2κ2)
< 0, (161)
the eigenvalues (which depend continuously on θ0) enter the half-plane Re(λ) < 0 as θ0 increases.
If we set λ = iy in equation (155), with y ∈ R, then we obtain from the imaginary part
y = 0 or y2 = n2(c2s + γ
2θ0). (162)
Now equation (155) is never satisfied in the first case, and is satisfied in the second case if and
only if θ0 = 0. Therefore, the eigenvalues cannot leave the half-plane Re(λ) < 0 as θ0 increases.
Consequently, the Fourier coefficients an(t), bn(t) and dn(t) in (101)-(103) decay exponentially
for θ0 > 0, and the proof of Theorem 6.1 now applies.
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9 Conclusions
In this paper we have obtained, for the first time, the linear hyperbolic system describing a
relativistic heat-conducting rod, accurate to first order in the perturbations around an equi-
librium state. We studied some general properties of this system, finding a decreasing energy
integral and computing the characteristic propagation speeds. Interestingly, the speed of the
mechanical waves is not exactly the nominal speed of sound, which applies to adiabatic pro-
cesses, since our system features energy dissipation and heat flow. Finally, we proved that
the solutions of the system with boundary conditions corresponding to thermal isolation and
clamped endpoints decay in time, by means of a Fourier decomposition. Comparing with the
classical systems (both with and without heat waves), we found that although the relativistic
terms introduce some modifications the qualitative picture remains basically the same. There
is an interesting nuance in that the relativistic system may fail to exhibit decay in time at a
single critical temperature (for fixed values of the other parameters).
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